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A modified variational principle for gravity in modified Weyl geometry
Fang-Fang Yuan∗ and Yong-Chang Huang†
Institute of Theoretical Physics, Beijing University of Technology, Beijing 100124, China
The usual interpretation of Weyl geometry is modified in two senses. First, both the additive
Weyl connection and its variation are treated as (1, 2) tensors under the action of Weyl covariant
derivative. Second, a modified covariant derivative operator is introduced which still preserves the
tensor structure of the theory. With its help, the Riemann tensor in Weyl geometry can be written
in a more compact form. We justify this modification in detail from several aspects and obtain
some insights along the way. By introducing some new transformation rules for the variation of
tensors under the action of Weyl covariant derivative, we find a Weyl version of Palatini identity for
Riemann tensor. To derive the energy-momentum tensor and equations of motion for gravity in Weyl
geometry, one naturally applies this identity at first, and then converts the variation of additive Weyl
connection to those of metric tensor and Weyl gauge field. We also discuss possible connections to
the current literature on Weyl-invariant extension of massive gravity and the variational principles
in f(R) gravity.
I. INTRODUCTION
In search of ”a true infinitesimal geometry” which can only compare lengths at one infinitesimally close point, H.
Weyl proposed that a spacetime manifold should only be equipped with a class of conformally equivalent metrics
rather than a definite metric as in general relativity [1]. Once the metric is given a scale or ”gauge” freedom like this,
Riemannian geometry is generalized to the so-called Weyl geometry.
In one conformal class, a change of calibration or ”gauge” for the metric is accompanied by a transformation of
the corresponding differential 1-form. Interpreting the latter as electromagnetic field, and demanding the physics is
”gauge” invariant, Weyl arrived at a gauge principle to unify the electromagnetism and general relativity. A decade
later, Weyl updated this principle to its modern form [2]. As he conjectured, this eventually led to the establishment
of gauge theory which unified ”electricity and matter”. (For reviews, see Refs. [3] and [4].)
The relation between Weyl invariance and conformal invariance has been investigated for many years. In particular,
the authors of Ref. [5] suggested a correspondence betweenWeyl invariance in curved space and conformal invariance in
flat space. The Brans-Dicke theory of gravity [6, 7] was also found to be relevant in this context. For recent discussions
of this topic using the language of Weyl geometry, see Refs. [8–11]. Other related works on Weyl invariance are Refs.
[12–17]. For some recent research on Weyl geometry from the mathematical point of view, see e.g. Refs. [18–20].
It has been a popular idea to give mass to the graviton. These massive gravities are still under intense investigation
in recent years. The topologically massive gravity [21] was connected to conformal field theory through the holographic
principle [22, 23]. Some new theories were proposed including New Massive Gravity [24] and nonlinear massive gravity
[25]. Weyl gravity has also attracted a lot of attention since the works in Refs. [26] and [27]. Inspired by all these
developments, some authors have studied the Weyl-invariant extension of New Massive Gravity [28], Dirac-Born-Infeld
type gravity [29], general higher curvature gravity theories [30], and topologically massive gravity [31].
In the Palatini approach to f(R) gravity (see e.g. Ref. [32]), the field equation of the connection acquires a form which
most resembles the Weyl connection in Weyl integrable geometry (with the gauge field Wµ = ∂µφ, φ =
1
2 ln ∂Rf(R)).
Both metric and Palatini f(R) gravities have been related to the Brans-Dicke theory via conformal transformations
[33]. These facts may be connected with the works on Weyl geometry mentioned above [9, 10]. Recently, based on
Refs. [34–37], a biconnection variational principle has been proposed in Ref. [38] and applied to f(R) gravity. If we set
the second connection there to be the additive part of Weyl connection and introduce a scalar field, the corresponding
generalized action would have some resemblance with the Weyl-invariant extension of Einstein-Hilbert action. These
issues may deserve further research.
Compared to the case in Riemannian geometry, the Riemann tensor in Weyl geometry acquires an additive part
which has a complicated dependence on the Weyl gauge field. When the action of a Weyl-invariant massive gravity
or modified gravity is given, one typically needs to use the variational principle to find the energy-momentum tensor
and the equation of motion for the Weyl gauge field. To do this, the Riemann tensor (in Weyl geometry) has to be
∗
Electronic address: ffyuan@emails.bjut.edu.cn
†
Electronic address: ychuang@bjut.edu.cn
2inserted first. The subsequent calculation of variation usually becomes formidable, and one may have to resort to
software. It is desirable to have a method to track the procedure. Especially, a Weyl version of Palatini identity would
be much helpful.
We find that this object could be partially accomplished if one treats the additive Weyl connection and its variation
as regular tensors, and introduces sensible transformation rules for them under the action of Weyl covariant derivative.
Interestingly, a modified derivative operator is found to be relevant. In contrast with Riemannian geometry, such a
modification is not only possible but also preserves the Leibniz’s rule (product rule) even when the metric tensor is
involved. With its help, the Riemann tensor can be derived in an alternative way. On the other hand, to find a Weyl
version of Palatini identity, we introduce some new transformation rules for the Weyl covariant derivative. Although
they still have no analogues in Riemannian geometry as one expected, the expressions are quite natural and similar to
those in general relativity. This makes them very easy to understand. Along with the exploration, we also reinterpret
some peculiarities of Weyl geometry through the comparison with Riemannian geometry.
The organization of this paper is as follows. In the next section, we review the relevant basics of Weyl geometry
and explain our idea in some detail. In Sec. III, we take a close look at the peculiar behavior of Weyl covariant
derivative, and find that it still allows a modification which is forbidden in the Riemannian case. In Sec. IV, using the
transformation rule of tensors under the action of the modified Weyl covariant derivative, we obtain some formulas for
the additive Weyl connection. A new expression for the Riemann tensor is given in Sec. V, and with its help we find
new ways to derive the curvature tensors. Sec. VI deals with the variational problem for gravity in Weyl geometry.
After clarifying some technical issues, we finally arrive at a palatini-like identity for the Riemann tensor. This may
provide a useful technique to find the energy-momentum tensor and the equations of motion. The conclusion and
discussion can be found in Sec. VII.
Our conventions are mostly those of Ref. [39] adapted to Weyl geometry.
II. MOTIVATION
Although the concept of Weyl geometry is based on Weyl transformations, it suffices for our purposes to regard it
as a generalization of Riemannian geometry with a new connection. With the convention in Ref. [3] and denoting the
Weyl gauge field by Wµ, the torsion-free Weyl connection is defined as follows
Γ˜λµν = Γ
λ
µν +W
λ
µν , (1)
Γλµν =
1
2
gλρ(∂µgρν + ∂νgρµ − ∂ρgµν), (2)
Wλµν = g
λρ(gρµWν + gρνWµ − gµνWρ)
= δλµWν + δ
λ
νWµ − gµνWλ. (3)
Here Γλµν is the Christoffel connection (Levi-Civita connection) of Riemannian geometry. For the expediency of
exposition, we will refer to Wλµν defined in Eq. (3) as additive Weyl connection.
One can define the corresponding Weyl covariant derivative as
∇˜ρT a1...b1... = ∇ρT a1...b1... +W a1ρλT λa2...b1... + ...−Wλρb1T a1...λb2... − ... , (4)
where ∇ρ is the usual (Riemannian) covariant derivative operator defined with the Christoffel connection (2). (To
conform with the literature, we will not introduce an abbreviation such as WCD for the Weyl covariant derivative.)
The analogue of metricity (or metric-compatibility) condition is
∇˜ρ gµν = −2Wρ gµν , (5)
which is usually taken as the definition of Weyl geometry. Notice that some papers use different conventions from us
where both the additive Weyl connection and the (non-)metricity condition may not be the same as here.
What interests us the most is the Weyl-invariant Riemann tensor
R˜ρσµν = ∂µΓ˜
ρ
νσ − ∂ν Γ˜ρµσ + Γ˜ρµλ Γ˜λνσ − Γ˜ρνλ Γ˜λµσ. (6)
More explicitly, we have
R˜ρσµν = R
ρ
σµν + R̂
ρ
σµν , (7)
R̂ρσµν = ∇µW ρνσ −∇νW ρµσ +W ρµλWλνσ −W ρνλWλµσ . (8)
3We will refer to R̂ρσµν as additive Riemann tensor. If one inserts the definition of additive Weyl connection (3) in the
above equation, the expression would become a little lengthy. (For the detailed formula, see Eq. (60) in Sec. V.)
When studying gravity theories in Weyl geometry, one usually needs to deal with the tedious calculations involving
the curvature tensors. One motivation of our work is to develop a useful toolkit for this. It turns out that our modi-
fication also leads to some interesting observations about the Weyl geometry. With the comparison with Riemannian
geometry in mind, all our procedures and techniques are actually quite easy to understand for general relativity
practitioners.
Our first observation is that the tensor property of the additive Weyl connection (3) can be promoted from Rie-
mannian geometry to Weyl geometry. From the point of view of Riemannian geometry, it is of course a plain fact
that the additive Weyl connection is a (1, 2) tensor, and obeys the basic transformation rule under the action of
Riemannian covariant derivative. One may wonder what happens if it is treated as a (1, 2) tensor in Weyl geometry.
The behavior of the additive Weyl connection under general coordinate transformations does not concern us, instead
we will concentrate on the action of Weyl covariant derivative (4) on it.
Following this suggestion, we have
∇˜µW ρνσ = ∇µW ρνσ +W ρµλWλνσ −WλµνW ρλσ −WλµσW ρνλ. (9)
Then the additive Riemann tensor (8) becomes
R̂ρσµν = ∇˜µW ρνσ − ∇˜νW ρµσ −W ρµλWλνσ +W ρνλWλµσ , (10)
which is even harder to handle. However, if we introduce a modified Weyl covariant derivative as follows
∇̂ρT a1...b1... = ∇ρT a1...b1... +
1
2
W a1ρλT
λa2...
b1...
+ ...− 1
2
Wλρb1T
a1...
λb2...
− ... , (11)
the expression turns out to be more compact
R̂ρσµν = ∇̂µW ρνσ − ∇̂νW ρµσ. (12)
In this case, we have a modified (non-)metricity condition
∇̂ρ gµν = −Wρ gµν . (13)
This will not be an issue if one notices that just like Riemannian geometry, the Weyl geometry is also completely
determined by the corresponding Riemann tensor.
Let us recall the Palatini identity in Riemannian geometry (or more properly, in general relativity):
δRρσµν = ∇µδΓρνσ −∇νδΓρµσ. (14)
One may be tempted to interpret the additive Weyl connection as a special variation of Christoffel connection, i.e.
δΓρνσ → W ρνσ, δRρσµν → R̂ρσµν . However, to pass from Eq.(14) to Eq.(12), one still needs to introduce a new Weyl
covariant derivative defined in Eq. (11). This interesting fact is also a sign that our choice may be the unique and
nontrivial one.
Although this is a pleasant result, for the modified Weyl covariant derivative to be sensible, one needs to demonstrate
that under its action the tensor structure is still preserved. Since the metric-compatibility condition fails in Weyl
geometry, one must make sure that the new definition is consistent with the Leibniz’s rule (product rule) especially
when the metric tensor is involved. This also guarantees that the two facets of additive Weyl connection will not lead
to any contradiction: besides the new character as a (1, 2) tensor (in Weyl geometry), it is still a combination of Weyl
gauge fields defined in Eq. (3). The detailed discussion can be found in the next two sections. We will also show that
this modification has no analogue in Riemannian geometry and it is not equivalent to the case where one rescales the
definition of additive Weyl connection.
The second observation is related to the variational problem for gravity in Weyl geometry. Inspired by the above
idea, we find that if the variation of additive Weyl connection is also treated as a (1, 2) tensor, one would have a Weyl
version of Palatini identity. The explicit formula is
δR̂ρσµν = ( ∇˜µδ + δ∇µ )W ρνσ − ( ∇˜νδ + δ∇ν )W ρµσ . (15)
This modified variational approach turns out to be quite transparent. However, there are some important issues we
would like to elaborate on in Sec. VI. The explanation of the transformation rule and the delta-like operator δ∇µ
4can also be found there. While the usual approach deals with the explicit expression of Riemann tensor directly, with
the above two observations combined together we arrive at a systematic and equivalent method for the variational
problem.
At the end of this section, we would like to collect some formulas about the additive Weyl connection:
Wλµλ = nWµ, (16)
gµνWλµν = −(n− 2)Wλ, (17)
W νµλW
λ = δνµW
2, (18)
WλµνWλ = 2WµWν − gµνW 2, (19)
∇λWλµν = ∇µWν +∇νWµ − gµν∇ ·W. (20)
Here n denotes the dimension of the differentiable manifold, i.e. the spacetime dimension, and ∇ ·W ≡ ∇µWµ. The
derivations of these formulas are elementary. Although they are usually not explicitly spelled out in the literature,
we will find them very useful for our exposition.
III. THE PECULIAR BEHAVIOR OF WEYL COVARIANT DERIVATIVES
In contrast with Riemann-Cartan geometry which has non-metricity tensor Qρµν ≡ −∇ρgµν = 0, this metric-
compatibility condition fails in Weyl geometry. So the operation of raising and lowering of indices no longer commutes
with the covariant derivative.
Because of this, the modified Weyl covariant derivative (11) shares a peculiarity with the usual one (4):
∇̂µV µ 6= ∇̂µVµ, (21)
where V µ or Vµ is a general vector. This fact can be shown as follows. For the LHS, we have
∇̂µV µ = ∇ · V + 1
2
W
µ
µλV
λ
= ∇ · V + 1
2
nW · V. (22)
Here Eq. (16) has been used, and W · V ≡WλV λ =WλVλ .
For the RHS, we have
∇̂µVµ ≡ gµν∇̂νVµ
= gµν(∇νVµ − 1
2
WλνµVλ)
= ∇ · V + 1
2
(n− 2)W · V, (23)
where Eq. (17) has been used. Another way to calculate it is
∇̂µVµ = ∇ · V − 1
2
WλµµVλ
= ∇ · V − 1
2
(gλµWµ + δ
λ
µW
µ − δµµWλ)Vλ
= ∇ · V + 1
2
(n− 2)W · V, (24)
which involves an unfamiliar additive Weyl connection (see Eq. (41) below). Now one naturally obtains the statement
(21). This also implies that we cannot define a symbol like ∇̂ · V . Although the derivations here may seem simple,
we give the details just to show how our new Weyl covariant derivative works.
Notice that the nonequality (21) is actually a special case of the following general fact
∇̂µVρ ≡ gµν∇̂νVρ 6= ∇̂ν(gµνVρ). (25)
In spite of the above peculiarity, if we treat the metric as a usual tensor and stick to the basic transformation rule, all
the calculations would still give sensible results. This is because the Weyl covariant derivatives preserve the Leibniz’s
5rule even when the metric tensor is involved. When taking the action of them on the multiplication of any two (or
more than two) tensors, one could use the Leibniz’s rule first to expand it and then apply the transformation rule
corresponding to the derivative operators, or reverse the order. These two ways of expansions should be consistent
with each other.
To see this point more clearly, let us introduce a generalized Weyl covariant derivative as follows
∇ρT a1...b1... = ∇ρT a1...b1... + sW a1ρλT λa2...b1... + ...− tWλρb1T a1...λb2... − ... . (26)
Here the upper and lower ”covariant weights” s and t are just some numbers. Notice that
∇˜ρ ≡ ∇ρ(s = t = 1), ∇̂ρ ≡ ∇ρ(s = t = 1
2
). (27)
For ordinary tensors, the transformation rule (26) always preserves the Leibniz’s rule. This can be seen by expanding
e.g. ∇ρ(V µSντ ) in two ways. More explicitly, we have
∇ρ(V µSντ ) = ∇ρV µSντ + V µ∇ρSντ
= (∇ρV µ + sWµρλV λ )Sντ
+V µ(∇ρSντ − tWλρνSλτ − tWλρτSνλ ). (28)
On the other hand,
∇ρ(V µSντ ) = ∇ρ(V µSντ ) + sWµρλ(V λSντ )
−tWλρν(V µSλτ )− tWλρτ (V µSνλ ). (29)
These two equations are obviously equal to each other.
When the metric tensor is involved, one should be more careful. This is essentially because it is a special tensor we
use to raise or lower tensor indices. It suffices to look at a typical example such as
∇ρ(gµνV ν) = ∇ρ gµνV ν + gµν∇ρV ν
= −2tWρ gµνV ν + gµν(∇ρV ν + sW νρλV λ )
= −2tWρVµ +∇ρVµ − V ν∇ρgµν + s ( gρµW · V +WρVµ −WµVρ )
= ∇ρVµ − V ν∇ρgµν + (s− 2t)WρVµ − sWµVρ + s gρµW · V. (30)
On the other hand, we have
∇ρVµ = ∇ρVµ − tWλρµVλ
= ∇ρVµ − t (WρVµ +WµVρ − gρµW · V ). (31)
Since here∇ρgµν = 0, for these two equations to be equal to each other, a necessary condition is s = t. Both the usual
and modified Weyl covariant derivatives satisfy this condition. If we further require the additive Riemann tensor to
take a compact form like Eq. (12), one is naturally led back to our modified derivative operator: ∇̂ρ ≡ ∇ρ(s = t = 12 ).
Although the Weyl connection itself is not metric-compatible, one can show that any connection which is not
metric-compatible cannot be promoted to Weyl geometry. Accordingly there will be no sensible definition of Weyl
covariant derivative to give the non-metricity condition which is the basic definition of Weyl geometry. In other words,
a geometry (space) which is not Riemann-Cartan cannot be promoted to Weyl geometry. This can be easily seen by
looking at Eqs. (30) and (31), with ∇ρgµν = 0 → ∇ρgµν 6= 0. It is interesting that one can get this expected result
through such an elementary way.
Notice that in the definition of the modified Weyl covariant derivative (11), we do not rescale the operator ∇ρ
simultaneously. This is related to the following fact: In Riemannian geometry, there is no sensible definition of a
generalized covariant derivative. Suppose one is given such a definition as
∇ρT
a1...
b1...
= ∂ρT
a1...
b1...
+ sΓa1ρλT
λa2...
b1...
+ ...− tΓλρb1T a1...λb2... − ... . (32)
Then we can take its action on the metric tensor and use the expression of Christoffel connection in Eq. (2) to arrive
6at the following expressions
∇ρ gµν = ∂ρgµν − t ( Γλρµgλν + Γλρνgµλ )
= (1 − t) ∂ρgµν , (33)
∇ρ g
µν = ∂ρg
µν + s ( Γµρλg
λν + Γνρλg
µλ )
= ∂ρg
µν +
1
2
s ( ∂ρgσλ + ∂λgσρ − ∂σgρλ )( gµσgλν + gνσgλµ )
≡ ∂ρgµν + 1
2
s ∂ρgσλ( g
µσgλν + gνσgλµ )
= ∂ρg
µν +
1
2
s [ 2∂ρg
µν − gσλ∂ρ( gµσgλν + gνσgλµ ) ]
= (1 − s) ∂ρgµν . (34)
For the metricity condition ∇ρ gµν =∇ρ g
µν = 0 to be preserved, the only choice is obviously s = t = 1.
Due to the symmetric property of the additive Weyl connection, the operators ∇̂ρ and ∇˜ρ actually have other good
behaviors. For example, one finds that
∇̂µV 2m = ∇˜µV 2m = ∇µV 2m. (35)
If we define the Weyl gauge field strengths as usual
Fµν ≡ ∇µWν −∇νWµ, (36)
F˜µν ≡ ∇˜µWν − ∇˜νWµ, (37)
F̂µν ≡ ∇̂µWν − ∇̂νWµ, (38)
one can also check the following fact
F̂µν = F˜µν = Fµν . (39)
IV. ADDITIVE WEYL CONNECTION AS A TENSOR IN WEYL GEOMETRY
The central task of this section is to check the action of modified Weyl covariant derivative (11) on the additive
Weyl connection (3), and show that it does not spoil the tensor property of the latter. The procedure and formulas
here are the basis of the next section where we will focus on the curvature tensors in (modified) Weyl geometry.
A. A preliminary discussion
It is a trivial fact that the additive Weyl connection is a (1, 2) tensor in Riemannian geometry. What we would
like to find is its behavior under the action of the usual or modified Weyl covariant derivative. Before doing this, we
need to clarify two special issues.
Firstly, since we do not introduce a Weyl-rescaled metric tensor like g′µν = e
2ωgµν here, one can raise or lower the
indices of the additive Weyl connection with the same metric tensor as in Riemannian geometry. Specifically, we can
define
Wλ,µν = gλµWν + gλνWµ − gµνWλ, (40)
Wλµν = g
λµWν + δ
λ
νW
µ − δµνWλ, (41)
Wλ
µ
ν = δ
µ
λWν + gλνW
µ − δµνWλ, (42)
and others. (We have added a comma in Eq. (40) to stress its symmetric property.) They all obey the regular
transformation rule under the action of Riemannian covariant derivative. However, these tensor properties of Wλµν
have nothing to do with the Weyl geometry per se.
Secondly, our modification by introducing a new Weyl covariant derivative (11) is not equivalent to the case where
one rescales the definition of the additive Weyl connection (3) while retaining the usual Weyl covariant derivative (4).
7Suppose we have a new additive Weyl connection as follows
W = W, (43)
W
λ
µν =
1
2
(δλµW ν + δ
λ
νWµ − gµνW
λ
)
=
1
2
Wλµν . (44)
Demanding the corresponding Weyl covariant derivative to behave as the usual one in (4), one has
∇ρV µ = ∇ρV µ +WµρλV λ
= ∇ρV µ + 1
2
W
µ
ρλV
λ, (45)
∇ρgµν = ∇ρgµν −Wλρµgλν −W
λ
ρνgµλ
= −Wρgµν , (46)
which are the same as our modified case. Nevertheless, for the additive Riemann tensor (8), one would have
R̂
ρ
σµν = ∇µW
ρ
νσ −∇νW
ρ
µσ +W
ρ
µλW
λ
νσ −W
ρ
νλW
λ
µσ
=
1
2
(∇µW ρνσ −∇νW ρµσ) +
1
4
(W ρµλW
λ
νσ −W ρνλWλµσ). (47)
This is clearly different from our case. One could also try to rescale the Weyl gauge field while retaining the definition
of additive Weyl connection. This would still change the value of the Riemann tensor.
B. Some formulas involving the additive Weyl connection
Before proceeding further, let us encapsulate our modification of the Weyl geometry as follows. The Weyl connection
is kept unchanged as in Eqs. (1) - (3) while we introduce a modified Weyl covariant derivative in Eq. (11). Accordingly
the non-metricity condition is modified to Eq. (13).
Using the definition in Eq. (11), we can easily find the following basic formulas for the Weyl gauge field
∇̂ρWµ = ∇ρWµ + 1
2
W
µ
ρλW
λ
= ∇ρWµ + 1
2
δµρW
2, (48)
∇̂ρWµ = ∇ρWµ − 1
2
WλρµWλ
= (∇ρ −Wρ)Wµ + 1
2
gρµW
2, (49)
where Eqs. (18) and (19) have been used. Another two useful equations are
∇̂ρW ρ = ∇ ·W + 1
2
nW 2, (50)
∇̂ρWρ = ∇ ·W + 1
2
(n− 2)W 2. (51)
Notice that similar equations also appeared in Sec. III.
Now we can study the behavior of additive Weyl connection Wλµν under the action of our modified Weyl covariant
derivative. Inserting the definition of Wλµν , we have
∇̂ρWλµν ≡ ∇̂ρ(δλµWν + δλνWµ − gµνWλ)
= δλµ∇̂ρWν + δλν ∇̂ρWµ − gµν∇̂ρWλ + gµνWρWλ, (52)
where the modified non-metricity condition (13) has been used.
8With the basic formulas (48) and (49) at hand, one can expand the above equation as
∇̂ρWλµν = δλµ[ (∇ρ −Wρ)Wν +
1
2
gρνW
2 ] + δλν [ (∇ρ −Wρ)Wµ +
1
2
gρµW
2 ]
−gµν(∇ρWλ + 1
2
δλρW
2) + gµνWρW
λ
= (∇ρ −Wρ)(δλµWν + δλνWµ − gµνWλ)
+
1
2
(δλµgρν + δ
λ
ν gρµ − δλρ gµν)W 2
= (∇ρ −Wρ)Wλµν +
1
2
(δλµgρν + δ
λ
ν gρµ − δλρgµν)W 2. (53)
This is an important equation which will be used to obtain the explicit expressions for curvature tensors in Sec. V.
Since we have asserted thatWλµν can be treated as a (1, 2) tensor in Weyl geometry, one should check this statement
by doing the calculation in another way. Using the transformation rule in Eq. (11), we have
∇̂ρWλµν = ∇ρWλµν +
1
2
WλρσW
σ
µν −
1
2
W σρµW
λ
σν −
1
2
W σρνW
λ
µσ . (54)
Inserting the following equation
WλρσW
σ
µν = δ
λ
ρWσW
σ
µν +WρW
λ
µν − gρσWλW σµν , (55)
one is led to a quite lengthy calculation
∇̂ρWλµν = ∇ρWλµν +
1
2
[WλρσW
σ
µν − (ρ↔ ν)− (ρ↔ µ) ]
= ∇ρWλµν +
1
2
[ δλρWσW
σ
µν − (ρ↔ ν)− (ρ↔ µ) ]
+
1
2
[WρW
λ
µν − (ρ↔ ν)− (ρ↔ µ) ]
−1
2
[ gρσW
λW σµν − (ρ↔ ν)− (ρ↔ µ) ]
= ∇ρWλµν +
1
2
[ 2δλρWµWν − 2Wρ(δλµWν + δλνWµ) + (δλµgρν + δλν gρµ − δλρ gµν)W 2 ]
+
1
2
[−2δλρWµWν +Wλ(gρµWν + gρνWµ − gµνWρ) ]
−1
2
Wλ[ gρµWν + gρνWµ − 3gµνWρ ]
= (∇ρ −Wρ )Wλµν +
1
2
(δλµgρν + δ
λ
ν gρµ − δλρgµν)W 2. (56)
Thus these two procedures are consistent with each other.
Let us rewrite this important formula below
∇̂ρWλµν = (∇ρ −Wρ)Wλµν +
1
2
(δλµgρν + δ
λ
ν gρµ − δλρgµν)W 2. (57)
With its help, we will derive the expressions of curvature tensors in the next section.
V. CURVATURE TENSORS IN MODIFIED WEYL GEOMETRY
When a modified Weyl covariant derivative is introduced as in Eq. (11), we can rephrase the additive Riemann
tensor (8) in a more compact form
R̂ρσµν = ∇̂µW ρνσ − ∇̂νW ρµσ. (58)
This can be seen by recalling the basic equation in (54). In what follows, we will use this new formula to obtain the
explicit expressions for Riemann tensor, Ricci tensor, and Ricci scalar in (modified) Weyl geometry successively. The
results can also be checked to agree with the usual approach.
9(i) Riemann tensor
Inserting Eq. (52) in the new formula (58), we immediately arrive at
R̂ρσµν = δ
ρ
σF̂µν − 2δρ[µ∇̂ν]Wσ + 2(gσ[µ∇̂ν] − gσ[µWν])W ρ. (59)
Our convention here is A[µν] ≡ 12 (Aµν −Aνµ). The field strength F̂µν is defined as in Eq. (38).
Using the basic formulas Eqs. (48) and (49), and noticing the fact F̂µν = Fµν (see Eq. (39)), we reproduce the
well-known Weyl-invariant Riemann tensor
R˜ρσµν = R
ρ
σµν + R̂
ρ
σµν ,
R̂ρσµν = δ
ρ
σFµν − 2δρ[µ∇ν]Wσ + 2gσ[µ∇ν]W ρ
−2W[µδρν]Wσ − 2gσ[µWν]W ρ + 2gσ[µδρν]W 2. (60)
We can also use Eq. (57) instead and insert it in Eq. (58) to arrive at
R̂ρσµν = ∇µW ρνσ −∇νW ρµσ −WµW ρνσ +WνW ρµσ + (δρνgµσ − δρµgνσ)W 2. (61)
With the definition of Wλµν , one expands the first four terms as
∇µW ρνσ −∇νW ρµσ = δρσFµν − 2δρ[µ∇ν]Wσ + 2gσ[µ∇ν]W ρ, (62)
WµW
ρ
νσ −WνW ρµσ = 2W[µδρν]Wσ + 2gσ[µWν]W σ. (63)
Finally, we still get the result in Eq. (60).
(ii) Ricci tensor
Instead of contracting the indices in the explicit formula for Riemann tensor, let us use the key formula (58) directly
to find the Weyl-invariant Ricci tensor. Now we have
R̂σν = ∇̂ρW ρνσ − ∇̂νW ρρσ
= F̂σν − (n− 2)∇̂νWσ − gσν(∇̂ρW ρ −W 2). (64)
Using the basic formulas Eqs. (48) and (49) again, we get the final expression
R˜σν = Rσν + R̂σν ,
R̂σν = Fσν − (n− 2)[ (∇ν −Wν)Wσ + gσνW 2 ]− gσν∇ ·W. (65)
There is still another way to do the calculation, i.e. using the formula (57). Contracting the indices there, we have
∇̂ρW ρνσ = ∇ρW ρνσ −WρW ρνσ −
1
2
(n− 2)gνσW 2
= (∇σWν +∇νWσ − gσν∇ ·W )− (2WσWν − gσνW 2)
−1
2
(n− 2)gσνW 2, (66)
where Eqs. (19) and (20) have been used. Subtracting it by another term
∇̂νW ρρσ = n(∇ν −Wν)Wσ +
1
2
n gσνW
2, (67)
one arrives at the result in Eq. (65) again.
Notice that the Ricci tensor in Eq. (65) is not symmetric. It is customary to split it into two parts as
R̂σν = R̂[σν] + R̂<σν>, (68)
R̂[σν] = Fσν , (69)
R̂<σν> = −(n− 2)[ (∇ν −Wν)Wσ + gσνW 2 ]− gσν∇ ·W. (70)
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(iii) Ricci scalar
Using the definition of Ricci scalar in Weyl geometry and Eq. (64), we have
R̂ ≡ gσνR̂σν
= −(n− 2)∇̂ρWρ − n(∇̂ρW ρ −W 2). (71)
Inserting Eqs. (50) and (51) in the above equation, we arrive at
R˜ = R + R̂,
R̂ = −2(n− 1)∇ ·W − (n− 1)(n− 2)W 2. (72)
Notice that the Ricci scalar here is not Weyl-invariant: under the transformation g′µν = e
2ωgµν , it behaves like
R˜′ = e−2ωR˜. We need to introduce a compensating scalar field to construct a Weyl-invariant extension of Einstein-
Hilbert action
S =
∫
dnx
√−g(Φ2R˜+ ...) . (73)
The Einstein tensor has the following form
G˜µν = Gµν + Ĝµν ,
Ĝµν = R̂<µν> − 1
2
gµνR̂
= (n− 2){ −(∇ν −Wν)Wµ + gµν [∇ ·W + 1
2
(n− 3)W 2] }. (74)
All the above curvature tensors we have obtained in modified Weyl geometry (Eqs. (59), (64) and (71)) are
consistent with the usual approach. (One may compare our results with e.g. Ref. [28].) This means that we are not
introducing a new geometry here, but only modify the Weyl geometry in some sense.
This can also be seen from the following fact: The Ricci and Bianchi identities are still the same as in usual Weyl
geometry. More explicitly, one has
[∇˜µ, ∇˜ν ]V ρ = R˜ρσµνV σ, (75)
R˜
ρ
[σµν] = 0, (76)
∇˜[λR˜ ρνµ]σ = 0. (77)
One should not be tempted to write [∇̂µ, ∇̂ν ]V ρ ≏ R̂ρσµνV σ, [∇̂µ, ∇̂ν ]V ρ ≏ R˜ρσµνV σ, etc. Here we use the symbol
”≏” to stress that these are questionable formulas. All in all, we actually keep the mathematical structure of Weyl
geometry intact.
VI. A MODIFIED VARIATIONAL PRINCIPLE
A. Main obstacles
Given a gravity action, one usually needs to vary it with respect to the metric to get the energy-momentum tensor.
As for its Weyl-invariant extension, one also needs to find the equation of motion for the Weyl gauge field through
variation. A key formula for this variational principle is the Palatini identity in Riemannian geometry (or more
properly, in general relativity):
δRρσµν = ∇µδΓρνσ −∇νδΓρµσ. (78)
It is desirable to have a Weyl version of this identity for the additive Riemann tensor. Although we have already
obtained a compact form for it in Eq. (58), to find an analogous formula for its variation turns out to a quite nontrivial
job. This is because of the following problem:
δR̂ρσµν ≡ δ∇̂µW ρνσ − δ∇̂νW ρµσ 6= ∇̂µδW ρνσ − ∇̂νδW ρµσ
= ∇̂µ( δρν δWσ + ... )− ...
⊜ δρν(∇µδWσ −
1
2
WλµσδWλ ) + ... . (79)
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Here we use the symbol ”⊜” to stress that an unverified transformation rule has been applied. The problem remains
even we choose another procedure as
∇̂µδW ρνσ − ∇̂νδW ρµσ
⊜ ∇µδW ρνσ +
1
2
W
ρ
µλδW
λ
νσ + ... . (80)
In the above calculations we vary W ρνσ with respect to gγδ and Wτ at the same time. The situation is unchanged
when one does the variations individually. Also in the practical calculation, one usually uses the integration by parts
to write Φ2∇ρδgµν as −∇ρΦ2δgµν . These technical issues do not concern us here.
We conclude that the symbol of variation does not commute with the Weyl covariant derivative operator(s). The
above results can be checked by hand. Since the calculations are very lengthy and non-illuminating, we will not report
them here.
Things become more interesting when one finds that even the Riemannian covariant derivative does not commute
with the symbol of variation when acting on the additive Weyl connection:
δ∇µW ρνσ 6= ∇µδW ρνσ. (81)
As we will show, all these problems can be solved if we notice a peculiarity inherited from Riemannian geometry,
and define a sensible transformation rule for the variation of general tensors in Weyl geometry. Since the usual Weyl
covariant derivative becomes more relevant here rather than our modified one, the following mnemonic is useful: in
the language of Eqs. (26) and (27), their ”covariant weights” are 1 and 12 , respectively.
B. Basic definitions
The phenomenon in (81) can be easily explained if one notices the following proposition: In Riemann-Cartan
geometry, when the involved composite tensor has an explicit dependence on the metric, the symbol of variation does
not commute with the Riemannian covariant derivative. This is because of a very simple fact:
[ δ ,∇ρ ] gµν = −∇ρ δgµν , (82)
where the metricity condition ∇ρgµν = 0 has been used. In other words, we have
[ δ ,∇ρ ] (...+ gµνSa1...b1... + ...) 6= 0. (83)
Notice that the tensor Sa1...b1... here should have no common indices with gµν . Otherwise one would have a rather
unpleasant result: [ δ ,∇ρ ] Vµ ≡ 0 while [ δ ,∇ρ ] (gµνV ν) 6= 0.
We then assume that any tensor and its variation obey exactly the same transformation rule under the action of
the usual Weyl covariant derivative as follows
∇˜ρ δT a1...b1... = ∇ρ δT a1...b1... +W a1ρλ δT λa2...b1... + ...−Wλρb1δT a1...λb2... − ... . (84)
It should be noted that this definition has no analogue in Riemannian geometry (or more properly, in general relativity).
This means that one cannot define a similar transformation rule such as
∇ρ δT a1...b1... ⊜ ∂ρδT a1...b1... + Γa1ρλδT λa2...b1... + ...− Γλρb1δT a1...λb2... − ... . (85)
It would be a disaster for general relativists since we always write δ∇ρT a1...b1... = ∇ρδT a1...b1... for a single tensor. For the
LHS, we have
δ∇ρT a1...b1... = ∂ρδT a1...b1... + δ(Γa1ρλT λa2...b1... ) + ...− δ(Γλρb1T a1...λb2...)− ... . (86)
These two equations are clearly not equal to each other.
However, when it comes to the additive Weyl connection, our definition indeed has strong resemblance with the
transformation rule for the variation of Christoffel connection
∇˜ρ δWλµν = ∇ρ δWλµν +WλρσδW σµν −W σρµδWλσν −W σρνδWλµσ , (87)
∇ρ δΓλµν = ∂ρ δΓλµν + ΓλρσδΓσµν − ΓσρµδΓλσν − ΓσρνδΓλµσ . (88)
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While the Christoffel connection Γλµν itself is not a tensor and cannot be given a sensible transformation rule under
the action of covariant derivative, its variation Cλµν ≡ δΓλµν is a genuine tensor. So Eq. (88) is not a manifestation
of the questionable rule in Eq. (85). In contrast, we treat both the additive Weyl connection Wλµν and its variation
δWλµν as (1, 2) tensors in Weyl geometry, and demand them to obey exactly the same transformation rule (see Eqs.
(4) and (84)).
In view of the fact that the symbol of variation does not commute with the Weyl covariant derivative, we introduce
another definition
[ δ , ∇˜ρ ]T a1...b1... = δW a1ρλT λa2...b1... + ...− δWλρb1T a1...λb2... − ...+ [ δ ,∇ρ ]T a1...b1... . (89)
It also has no analogue in Riemannian geometry. By inspection of Eqs. (85) and (86), one may be tempted to
introduce a similar definition
[ δ ,∇ρ ]T a1...b1... ⊜ δΓa1ρλT λa2...b1... + ...− δΓλρb1T a1...λb2... − ... . (90)
However, with Eqs. (85) and (90) combined together, all the calculations involving variation in general relativity
would still be substantially changed. The mathematical structure there may be spoiled because of this. One can also
check that our definitions have no conflict with Riemannian geometry by simply setting Wλµν → 0 in them. In one
word, we do not change anything about the Riemannian covariant derivative in this work.
With the above definitions (84) and (89) at hand, we finally arrive at the following identity for the variation of
Riemann tensor in Weyl geometry
δR˜ρσµν = δR
ρ
σµν + δR̂
ρ
σµν ,
δR̂ρσµν = ( ∇˜µδ + [δ,∇µ] )W ρνσ − ( ∇˜νδ + [δ,∇ν] )W ρµσ . (91)
This identity is not complicated as it appears, since δ∇µ ≡ [δ,∇µ] is just a delta-like operator, and is always trivial
unless acting on the metric tensor. In other words, all we need is
[δ,∇µ] W ρνσ = ∇µ δgνσW ρ. (92)
One may try to modify the definition (84) to the following unfamiliar form
∇˜ρ δT a1...b1... = δ∇ρT a1...b1... +W a1ρλ δT λa2...b1... + ...−Wλρb1δT a1...λb2... − ... . (93)
Then we will have a more pleasant result
δR̂ρσµν = ∇˜µδW ρνσ − ∇˜νδW ρµσ . (94)
Also we can totally forget about the peculiarity concerning the operator δ∇µ ≡ [δ,∇µ], which is just an unfortunate
heritage from Riemannian geometry.
C. The variation of Ricci tensor
In the following, we will use the Weyl version of Palatini identity (91) to find the variation of the additive Ricci
tensor. Contracting the indices there and using Eq. (92), we have
δR̂σν = ( ∇˜ρδ + [δ,∇ρ] )W ρνσ − ( ∇˜νδ + [δ,∇ν ] )W ρρσ
= ∇˜ρδW ρνσ +W · ∇δgνσ − n∇˜νδWσ . (95)
Notice that due to the remark under Eq. (83), 0 = [δ,∇ν ]W ρρσ 6= ∇ν δgρσW ρ. If one uses Eq. (94) instead (as we
recommend), then this peculiarity can be totally dismissed.
The first term in the above equation can be expanded as
∇˜ρδW ρνσ = ∇˜ρ( δρνδWσ + δρσδWν − gνσδW ρ −W ρδgνσ )
= ∇˜νδWσ + ∇˜σδWν − ∇˜ρgνσδW ρ − gνσ∇˜ρδW ρ
−∇˜ρW ρδgνσ −W ρ∇˜ρδgνσ
= ∇σδWν +∇νδWσ − 2W ρσνδWρ − gσν [∇ρ + (n− 2)Wρ ]δW ρ
−[∇ ·W +W · ∇+ (n− 2)W 2 ]δgσν . (96)
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Here we have used the following basic formulas
∇˜σδWν = ∇σδWν −W ρσνδWρ, (97)
∇˜ρδW ρ = (∇ρ + nWρ )δW ρ, (98)
W ρ∇˜ρδgνσ = (W · ∇ − 2W 2 )δgνσ. (99)
There is of course another way to do the calculation in Eq. (96) which is a little lengthy
∇˜ρδW ρνσ = ∇ρδW ρνσ +W ρρλδWλνσ −WλρνδW ρλσ −WλρσδW ρνλ
= ∇νδWσ +∇σδWν − gνσ∇ρδW ρ − (∇ ·W +W · ∇ )δgνσ
+n (WσδWν +WνδWσ − gνσWλδWλ −W 2δgνσ )
−(nWνδWσ +WλσνδWλ − gλσWλρνδW ρ −W 2δgνσ )
−(WλνσδWλ + nWσδWν − gνλWλρσδW ρ −W 2δgνσ )
= ∇σδWν +∇νδWσ − 2(WσδWν +WνδWσ )
−gσν [∇ρ + (n− 4)Wρ ]δW ρ
−[∇ ·W +W · ∇+ (n− 2)W 2 ]δgσν . (100)
The result is the same as expected.
Inserting Eq. (96) or Eq. (100) in Eq. (95), the variation of the additive Ricci tensor is obtained as follows
δR̂σν = ∇σδWν − (n− 1)∇νδWσ + (n− 2)(WσδWν +WνδWσ )
−gσν [∇ρ + 2(n− 2)Wρ ]δW ρ − [∇ ·W + (n− 2)W 2 ]δgσν . (101)
From this, one can get another useful equation
gσνδR̂σν ≡ gσνδR̂<σν>
= −2(n− 1)[∇ρ + (n− 2)Wρ ]δW ρ
−gσν [∇ ·W + (n− 2)W 2 ]δgσν . (102)
Notice that the above derivations require no knowledge of the explicit form of Weyl-invariant Ricci tensor as in Eq.
(65) or Eq. (64).
Analogous definitions as in Eqs. (84) and (89) can also be given for the modified Weyl covariant derivative. To
check this, let us start from the additive Ricci tensor in Eq. (64) and take its variation. Then we will have
δR̂σν = δF̂σν − (n− 2)δ∇̂νWσ − (∇̂ρW ρ −W 2)δgσν − gσνδ∇̂ρW ρ + 2gσνWρδW ρ
= ∇̂σδWν − ∇̂νδWσ − (n− 2)(∇̂νδWσ − 1
2
δW ρνσWρ)− (∇ ·W +
1
2
nW 2
−W 2)δgσν − gσν(∇̂ρδW ρ + 1
2
δW
ρ
ρλW
λ) + 2gσνWρδW
ρ
= ∇σδWν −∇νδWσ − (n− 2)(∇νδWσ − 1
2
W ρνσδWρ −
1
2
δW ρνσWρ)
−(∇ ·W + 1
2
nW 2 −W 2)δgσν − gσν(∇ρδW ρ + 1
2
W
ρ
ρλδW
λ +
1
2
δW
ρ
ρλW
λ)
+2gσνWρδW
ρ. (103)
Using the equation (see Eq. (19))
δ(W ρνσWρ) = 2(WνδWσ +WσδWν − gνσWρδW ρ −
1
2
W 2δgνσ), (104)
and collecting all the terms, one still arrives at the result in Eq. (101).
Although all these procedures give the consistent results, in practical calculation we choose the following way: use
the Weyl version of Palatini identity in Eq. (91), and insert the definition of additive Weyl connection, then apply
the transformation rule in Eq. (84) to expand the expression as in Eq. (96). The final result is the same as the usual
approach which takes the variation of the explicit expressions of curvature tensors directly.
To apply our method to the Weyl-invariant extension of higher curvature gravity theories or other complicated
situations (see Refs. [28–31]), one still needs more work. Other issues may also become relevant. We find it more
suitable to return to this whole topic in another occasion.
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VII. CONCLUSION
Our main results can be summarized as follows. If we treat both the additive Weyl connection and its variation
as ordinary (1, 2) tensors, and demand them to obey similar transformation rules under the action of Weyl covariant
derivatives, then the Riemann tensor and its variation could be written in compact forms.
In addition to the usual approach which deals with the calculations involving curvature tensors by using the explicit
expressions of the latter directly, now we have two new ways to obtain exactly the same results. One is free to choose
between the following alternative procedures: (i) use the (covariant) transformation rule of additive Weyl connection
as a (1, 2) tensor, and then insert the definition of the latter; (ii) insert its definition at first, and then use the
transformation rule of Weyl gauge field as a vector.
For the convenience of the reader, we list the basic formulas below.
(i) A generalized Weyl covariant derivative is defined as
∇ρT a1...b1... = ∇ρT a1...b1... + s W a1ρλT λa2...b1... + ...− t Wλρb1T a1...λb2... − ... . (105)
Two necessary conditions for it to sensible are ∇ρgµν = 0, and s = t. The usual Weyl covariant derivative and the
modified one have ”covariant weights” 1 and 12 , respectively: ∇˜ρ ≡ ∇ρ(s = t = 1), ∇̂ρ ≡ ∇ρ(s = t = 12 ).
(ii) Any tensor and its variation obey similar transformation rules under the action of the usual Weyl covariant
derivative. This means that we have the following definition
∇˜ρδT a1...b1... = ∇ρδT a1...b1... +W a1ρλ δT λa2...b1... + ...−Wλρb1δT a1...λb2... − ... . (106)
As remarked in the text, this definition has no analogue in Riemannian geometry.
(iii) The symbol of variation and the Weyl covariant derivative do not commute, but we can consistently define
( [ δ , ∇˜ρ ]− [ δ ,∇ρ ] )T a1...b1... = δW a1ρλT λa2...b1... + ...− δWλρb1T a1...λb2... − ... . (107)
Here [ δ ,∇ρ ] is just a delta-like operator. (One can define δ∇ρ ≡ [ δ ,∇ρ ].) It is always trivial except when acting on
a composite tensor which has an explicit dependence on the metric. This is because of a simple fact:
[ δ ,∇ρ ] gµν = −∇ρ δgµν . (108)
(iv) The Riemann tensor and its variation in Weyl geometry can be written in the following compact forms
R˜ρσµν = R
ρ
σµν + R̂
ρ
σµν , (109)
R̂ρσµν = ∇̂µW ρνσ − ∇̂νW ρµσ , (110)
δR˜ρσµν = δR
ρ
σµν + δR̂
ρ
σµν , (111)
δR̂ρσµν = ( ∇˜µδ + [δ,∇µ] )W ρνσ − ( ∇˜νδ + [δ,∇ν] )W ρµσ . (112)
Here the definition of the additive Weyl connection is Wλµν = δ
λ
µWν + δ
λ
νWµ − gµνWλ. With Eqs. (110) and (112)
combined together, we arrive at a new and systematic approach to deal with all the calculations involving curvature
tensors for gravity theories in Weyl geometry.
Some comments are in order here. (i) We systematically absorb the Christoffel connection into the Riemannian
covariant derivative, so most of our results can be easily extended to the case with torsion, i.e. Riemann-Cartan-Weyl
geometry. In that case, the Riemann tensor would have an extra term 2Γλ[µν]W
ρ
λσ . (ii) In our new definitions, nothing
about the Riemannian covariant derivative is changed. Even the peculiarity concerning the delta-like operator is
just a plain fact although it may be overlooked by some authors. (iii) In Riemannian geometry, we could not define
a generalized covariant derivative because of the metricity condition. Although in Weyl geometry this condition is
relaxed, it does not mean that one can define an arbitrary covariant derivative. (iv) In the process of our exploration,
we have encountered some general propositions. Although they may be commonplace to the literature, it is still
interesting to interpret them in new ways.
As we have remarked in the introduction, the field equation of the connection in Palatini f(R) gravity is much like
the Weyl connection in Weyl integrable geometry (see e.g. Ref. [32]). The Palatini formalism used there also has
some resemblance with the situation in Weyl geometry. So it would be interesting to find more connections between
these two areas. However, one should be aware of the differences there, e.g. the works on variational principles in f(R)
gravity naturally took non-metricity tensor and torsion into consideration. The biconnection variational principle
proposed in Ref. [38] is also interesting. Nevertheless, if the second connection is replaced by the additive Weyl
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connection, the difference tensor used there will not be directly applicable to the case of Weyl geometry. On the other
hand, the corresponding action is still not in exactly the same form as the Weyl-invariant extension of Einstein-Hilbert
action. In spite of these problems, it seems that the relation between f(R) gravity and the Brans-Dicke theory could
be rephrased in the language of Weyl geometry. All these issues may need more investigation to be clarified.
To apply the Weyl version of Palatini identity to explicit examples as in Refs. [28–31], one has to deal with the
operation of raising and lowering of indices, the mixing of Riemann tensor in Riemannian geometry and its additive
extension, and other technical issues. The nonsymmetric property of Ricci tensor in Weyl geometry may also lead
to new problems. It would be nice to work the details out and see if any new technique is needed. One could also
consider the Weyl-invariant extension of actions involving the covariant derivatives of curvature tensors which may
have not been studied in the literature. Finally, from the phenomenological point of view the Weyl integrable case
deserves more attention.
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